The lattice dynamics of 19 compounds with the sodium chloride structure have been investigated using shell models. The models are compared with existing experimentally measured phonon-dispersion curves and re®ned using a multidimensional downhill simplex method. Debye±Waller factors for these compounds are calculated over the temperature range from 1 to 1000 K where appropriate and the results are ®tted analytically using polynomial regression. The results are compared with experimentally measured room-temperature Debye±Waller factors and for most of the compounds the agreement is found to be better than 10%. At lower temperatures, it is expected that these results would be more accurate, since the harmonic approximation, which is crucial to the calculation of the Debye±Waller factors, works better. In choosing the models for particular applications, it is recommended that the model with the smallest standard error ' is used for ®tting the experimentally measured phonon-dispersion curves, or the model that shows best agreement with reliable experimental measurements of more relevant physical quantities, such as Debye±Waller factors in crystallography.
Introduction
The sodium chloride structure is among the most commonly occurring structure type for AB compounds (Pettifor, 1995) . Compounds with the sodium chloride structure include alkali halides (such as LiF and NaF), metal oxides (such as MgO and NiO) and transitionmetal compounds (such as TiN and TiC) (Bilz & Kress, 1979) . There is tremendous interest in these compounds, and in particular in the transition-metal oxides (Cox, 1995) since many of the high-temperature superconductors are closely related to these compounds. A detailed understanding of the compounds with the simple sodium chloride structure would therefore serve as a gateway to a deeper understanding of the more complicated high-T c cuprates (Poole et al., 1995) .
Until now, much of the structural work on solids involves using either X-ray or electron diffraction and in both cases quantitative investigations require the use of Debye±Waller factors to take into account the effect of lattice vibrations on the diffracted-beam amplitudes (Willis & Pryor, 1975; Cowley, 1993) . Unfortunately, for most compounds with the sodium chloride structure, the Debye±Waller factors are either unavailable or measured only at one or a few temperatures while for many applications it is desirable to have the Debye± Waller factors at different temperatures, such as in the case of in situ monitoring of the growth of thin ®lms on these compounds (Peng, 1999) . It is the purpose of the present paper to investigate the lattice dynamics of compounds with the sodium chloride structure and to calculate the Debye±Waller factors of these compounds. The temperature dependence of the Debye±Waller factors is parameterized using polynomial regression ®tting and the Debye±Waller factors for 19 compounds with the sodium chloride structure may therefore be easily calculated for any temperature using the parameters given in this article.
Lattice dynamics of the sodium chloride lattice
In this section, we will be concerned with the lattice dynamics of ionic crystals with the sodium chloride structure. The sodium chloride lattice consists of equal numbers of cations, such as Ni 2+ or Mg 2+ , and anions, such as O 2À , sitting at alternate points of a simple cubic lattice (see Fig. 1a ), i.e. a cation and anion interpenetrating f.c.c. lattice. Each ion in this lattice has six of the other kind of ion as its nearest neighbors (see Fig.  1c ), and twelve of the same kind of ion as its secondnearest neighbors (see Fig. 1b ).
The ®rst attempt to calculate the phonon-dispersion curves, i.e. the frequency spectrum of the crystal, was made by Born and Karman (for a review, see Born & Huang, 1954) . In their original theory, quasielastic forces between neighboring particles were assumed. For ionic lattices, however, the forces are largely of long range and, for many compounds, force constants out to at least ®fth neighbors are often required to explain experimental results. It was soon realized that the unrealistically large number of force constants involved is due to the fact that forces of long range in the crystal are acting through the distortion and compression of the valenceelectron distribution. A so-called shell model (SM) was then proposed (Dick & Overhauser, 1958; Cochran, 1959) in which the atom is represented by a core consisting of the nucleus and the inner electrons and a shell representing the outer electrons (see Fig. 2 ).
In the original SM (Dick & Overhauser, 1958; Cochran, 1959) , the shell of the outer electrons is rigid, i.e. the shell is not allowed to distort. The usual SM is therefore also called the rigid-shell model. The SM used in the present study follows that developed for alkali halide crystals by the Chalk River group (Woods et al., 1960 Cowley et al., 1963) . Shown in Fig. 2 is a schematic representation of the shell model. The shells have the charges Y 1 and Y 2 and are coupled to the cores of the positive (labeled 1) and negative (labeled 2) ions by the force constants k 1 and k 2 , respectively. For positive ions (such as Ni 2+ ), only force constants to ®rstnearest neighbors (A 12 , B 12 ; see Fig. 1c ) are considered, while for negative ions (such as O 2À ) up to secondnearest-neighbor force constants (A 22 and B 22 ; see Fig.  1b ) are included. The equations of motion are then, in matrix notation (Woods et al., 1960) ,
where R, T and S describe short-range ion±ion, ion±shell and shell±shell interactions; u and w are the core displacement vector and the displacement vector of the shells relative to their own cores, respectively; M, Z, Y and K have as their diagonal elements the ion masses, the ionic charges, shell charges and shell-core force constants linking the shells with their own cores; C is the matrix of Coulomb coef®cients which may be calculated using the dimensionless coef®cients given by Kellermann (1940) . Normally, we assume that all short-range forces between ions act through the shell. This assumption leads to the condition R T S, reducing the number of short-range interactions to one.
The short-range-interaction matrix R depends on q, i.e. the phonon wavevector, and components of this matrix are, for the sodium chloride structure,
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xx Àe 2 aVfA 12 cos q x r 0 B 12 cos q y r 0 cos q z r 0 g R 11 xx e 2 aVA 12 2B 12 R 22 xx e 2 aVfA 12 2B 12 2A 22 4B 22 À A 22 B 22 cos q x r 0 cos q y r 0 cos q z r 0 À 2B 22 cos q y r 0 cos q z r 0 g R 11 xy R 12 xy 0 R 22 xy e 2 aVA 22 À B 22 sin q x r 0 sin q y r 0 Y 2 where e is the eletronic charge, V is the volume of the unit cell ( 2r 3 0 with r 0 the interionic distance) and A 12 , B 12 , A 22 , B 22 represent short-range force parameters. The indices 1 and 2 referring to cation and anion, respectively, imply that the model includes the effects of short-range interactions between negative ions (second neighbors) as well as ®rst nearest neighbors.
For certain ionic lattices, it was found that an improvement over the usual SM may be achieved by allowing spherically symmetric distortions of the ion shells, and this is the so-called breathing-shell model (BSM) ®rst introduced by Schro È der (Schro È der, 1966; Nu È sslein & Schro È der, 1967) . In this model, the equations of motion are
where v is the vector giving the isotropic deformation of the shells. The matrices Q and H represent the shortrange shell±breathing interaction and the breathing± breathing interaction, respectively, and Q denotes the conjugate matrix of Q. Explicitly, Q and H are given by the expressions sin q x r 0 cos q y r 0 cos q z r 0 sin q y r 0 cos q z r 0 cos q x r 0 sin q z r 0 cos q x r 0 cos q y r 0 H f d I g e
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and G1 and G2 are the breathing force constants for the positive and negative ions, respectively. In the present study, we examined two versions of the BSM. The ®rst is the eight-parameter BSM, assuming that the positiveion shells do not deform such that the corresponding force constants k 1 and G 1 are effectively in®nite and the value of the shell charge Y 1 has no in¯uence on the equations of motion. In the second model, this assumption on the positive-ion shells is relaxed, and a total of eleven parameters is used.
Debye±Waller factors of cubic lattice
For compounds with the sodium chloride structure, since the lattice is a cubic lattice, the Debye±Waller factors are isotropic. For each atom k (k 1Y 2 for cation and anion, respectively) in the unit cell, the Debye±Waller factor is given by B k at a given temperature T:
where E q j is the mean energy of the phonon in the mode q j,
and n q j is the mean occupation number of the mode and is given by the Bose±Einstein distribution n q j 1aexph -3 q j ak B T À 1Y 3 q j is the frequency of the phonon, U k q j is the complex displacement eigenvector, m k the mass of the kth atom and N the number of wavevectors in the summation over the Brillouin zone. By solving the eigenvalue equations (1) or (2), we can obtain eigenvalues 3 q j and eigenvectors U k q j, for all modes and atoms. The Debye±Waller B factors may therefore be calculated for any temperature using equation (6). What deserves extra attention is the`zero-phonon' term resulting from the singularity caused by phonon branches where 3q 0Y j 0, and this point has been discussed in some detail by Reid (1987) .
Results
Our present BSMs use eight parameters (A 12 , B 12 , A 22 , B 22 , Z, Y 2 , k 2 , G 2 ) and eleven parameters (A 12 , B 12 , A 22 , B 22 , Z, Y 1 , k 1 , G 1 , Y 2 , k 2 , G 2 ), respectively. These parameters are obtained by re®ning calculated phonondispersion curves so that these curves ®t to that of the experimentally measured ones optimally. In our Reichardt et al. (1975) program, the ®tting is performed using the standard multidimensional downhill simplex method, for details see Press et al. (1986) . Our rigid SM uses nine parameters, A 12 , B 12 , A 22 , B 22 , Z, K 1 , K 2 , Y 1 , Y 2 , and the parameters are obtained via the same numerical procedure as in the BSM. The goodness of ®t between the measured and calculated phonon-dispersion curves is given by the standard error indicator ', which is de®ned as follows:
where N is the number of experimental data, K is the number of adjustable parameters, 3 expt is the experi-mental frequency and 3 mod is the model frequency for a particular point on the phonon-dispersion curves. Given in Table 1 and Table 2 are the model parameters of the eight-parameter BSM and eleven-parameter BSM, respectively, for 19 compounds with the sodium chloride structure, Table 3 gives SM parameters of the same compounds and Table 4 gives the elastic constants calculated using these models. An indicator ', de®ned in equation (7), has also been given of the ®tting error. From this error indicator, it is seen that for most of the compounds the BSM provides a better description of the phonon-dispersion curves than the SM. For a few compounds, the rigid SM gives smaller ®tting error. It should be noted, however, that this fact does not imply that for these compounds the rigid SM provides a better description of lattice vibrations than the BSM. This is Table 2 . Model parameters of the eleven-parameter BSM Table 3 . Model parameters of the SM because there is no guarantee from the numerical minimization routine that the global minimum has been achieved by adjusting the ®tting parameters. The difference in the ®tting errors may result from the numerical ®tting procedure rather than the difference in the physical models and de®nite conclusions cannot therefore be drawn as to which model is better based on the very small difference in the ®tting error. Shown in Fig. 3 are experimentally measured (Reichardt et al., 1975) and calculated phonon-dispersion curves, i.e. 3q curves, for an NiO single crystal using the rigid-shell model, and in Table 5 numerical values of the phonon frequencies measured in THz are given for certain points of the Brillouin zone. In both Fig. 3 and Table 5 , the notations LO, TO, LA and TA refer to the longitudinal optic, transverse optic, longitudinal acoustic and transverse acoustic modes of lattice vibrations, respectively. Fig. 3 and Table 5 show that the simple SM reproduces excellently most features of the phonon-dispersion surfaces.
The Debye±Waller factors were calculated numerically using equation (7) over the temperature range from 1 to 1000 K. For all compounds, it was found that the temperature dependence of the Debye±Waller B factor is rather smooth, and all curves of B(T) were then ®tted analytically using the polynomial regression form:
where T is measured in Kelvin, B is given in A Ê 2 and a i are ®tting parameters. For all the 19 compounds with the sodium chloride structure investigated, the ®tting parameters are given in Tables 6 and 7, Tables 8 and 9, and  Tables 10 and 11 for the eight-parameter BSM, elevenparameter BSM and the SM, respectively, together with the maximum error (ME) of all data points:
Tables 6±11 show that the analytical ®t is excellent for all compounds, with ME being less than 1% for all but a few compounds.
To visualize how good the polynomial regression ®tting of the temperature dependence of the Debye± Waller factors is, we plotted in Fig. 4 the B(T) curves for two oxides MgO and CaO. This ®gure shows that the analytical ®tting using the polynomial regression form is excellent for all atoms in the crystal. It should also be noted that the Debye±Waller B factors for the positive ions, i.e. Mg 2+ and Ca 2+ , are larger than that of the negative oxygen ions, O 2À , and that the Debye±Waller factors for O 2À may differ signi®cantly in MgO from that in CaO, i.e. the Debye±Waller factor of an atom may depend sensitively on its environment in the crystal.
Comparison with experiments
A compilation of the isotropic Debye±Waller B factors for diatomic cubic compounds was recently given by Butt et al. (1993) . Of the 52 compounds included in that compilation, 14 compounds with the sodium chloride structure have been investigated in this paper. In where the superscripts and À denote cation (positive ion) and anion (negative ion), respectively, and m refers to the mass of the relevant ion. Table 12 shows that, for most of the compounds, the difference between the experimental and calculated mean B factors is less than 10% (the exceptions being MgO, 15%; SrO, 30%; KCl, 17%; KI, 16%; NaBr, 35%; RbI, 18%). For most of the compounds, the consistency among different shell models is better than that between theory and experiments and the relative error between different modes is less than 10% for all but one compound (RbI). It should be noted that the recommended Debye± Waller B factors (Butt et al., 1988 (Butt et al., , 1993 Gopi & Sirdeshmukh, 1998) by the Neutron Diffraction Commission of the International Union of Crystallography were derived from results published by different research groups using different samples of different origins and different methods of measurement. These values are therefore not necessarily the most reliable and accurate values available. For example, for MgO, the recommended value for Mg is 0.37 A Ê 2 and for O it is 0.33 A Ê 2 at room temperature (293 K) (Butt et al., 1993) . But these values are rather peculiar since all models of lattice dynamics result in B(O) > B(Mg) rather than the other way round as for the recommended values. A careful convergent-beam electron diffraction (CBED) study (Zuo et al., 1997) recently con®rmed that for MgO the Debye±Waller B factor given by Lawrence (1973) is rather accurate, and our eleven-parameter BSM reproduces excellently the values of Lawrence (1973) and Zuo et al. (1997) (see Fig. 5 ).
Shown in Fig. 5 are calculated Debye±Waller B-factor curves for MgO using eight-parameter BSM, elevenparameter BSM and SM, respectively, and these factors are compared with two experimental measurements of the same quantity at room temperature (Barron, 1977; Lawrence, 1973) . The ®gure shows that for this ionic crystal the BSM gives a better agreement with experimental values than the SM and that the elevenparameter BSM is better than the eight-parameter BSM, indicating that, although the deformation of magnesium ion shells is very small compared with that of the oxygen ion shells, it affects the Debye±Waller factors noticeably. We have also checked the twelve-parameter BSM, which does not assume axial symmetry for the secondneighbor forces (Sangster et al., 1970) , but no signi®cant improvement was obtained. A good physical model uses as few ®tting parameters as possible. In this sense, we prefer to use the SM and the eight-parameter BSM. But, for some compounds, the introduction of more parameters improves the agreement between the experimental and calculated values of the Debye±Waller B factors signi®cantly, such as for the case of MgO. It should be noted that the shell models of lattice vibrations are only phenomenological descriptions of the lattice dynamics, and are desired to describe only certain aspects of the problem, i.e. the phonondispersion curves. It is therefore not surprising that our models of lattice dynamics cannot provide any better agreement between the calculated and experimentally measured values of the Debye±Waller B factors. It is also true that the correctness of a particular shell model cannot be judged from a single parameter, such as the Debye±Waller factor. For this reason, we have calculated the elastic constants C 11 , C 12 and C 44 for different models and the results are listed in Table 4 . These values may also be measured experimentally (Bruu È esch, 1982) , Barron (1977) and that denoted by a triangle was taken from Lawrence (1973). providing additional indicators for judging the goodness of the models of lattice vibrations. For general applications, we recommend the use of the model with the smallest standard error ' for ®tting the experimentally measured phonon-dispersion curves. For more speci®c applications, the model may be chosen based on its agreement with experimental measurements of more relevant physical quantities, such as measured Debye± Waller factors in crystallography applications.
Concluding remarks
Both the rigid-and breathing-shell models have been used to investigate the lattice dynamics of ionic compounds with the sodium chloride structure and the model parameters are obtained by re®ning the calculated phonon frequencies against the experimentally measured phonon-dispersion curves using the technique of inelastic neutron scattering. Based on these models, Debye±Waller factors for these compounds are calcu-lated for the temperature range 1 to 1000 K, where appropriate, and ®tted analytically using polynomial regression form. The room-temperature (293 K) values of the Debye±Waller factors are compared with existing experimental values, and for most of the compounds studied the agreement between the experimental and calculated values of the room-temperature Debye± Waller factors is better than 10%. At lower temperatures, we would expect that the general agreement between the experimental measured and calculated Debye±Waller factors is better since the harmonic approximation works better at lower temperatures.
The authors are grateful to Professor J. C. H. Spence for advice and many useful discussions on electron diffraction, and to Professor J. B. Page for many useful discussions on lattice dynamics and for providing the original rigid-shell-model program. This work was 
